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Abstract

Partial reversibility of quantum operations (or quantum channels) is considered
from the information-theoretical point of view. The necessary and sufficient
condition for quantum operations to be partially reversible is shown. The
condition can be expressed in terms of information-theoretical quantities (von
Neumann entropy and W-information). The quantum information-theoretical
meanings of the condition are discussed. The results are compared with those
obtained for completely reversible quantum operations. The W-information
is calculated for the quantum depolarizing channel of a qubit and the linear
dissipative channel of a single-mode bosonic system.

PACS numbers: 03.67.—a, 03.67.Hk, 03.67.Pp

1. Introduction

Quantum operations (or quantum channels) are the most general transformations that map a
quantum state into another, and they are mathematically represented by completely positive
maps [1-4]. Quantum operations include dynamical evolution of quantum states in reversible
and irreversible processes, state-transmission through quantum communication channels and
state-change due to the effect of quantum measurement performed on systems. Unitary
operations have the important property that there are physically realizable inverse operations.
In general, quantum operations do not necessarily have physically realizable inverse. Here the
physical realizability of inverse operations is very important. Suppose some relaxation process
caused by an interaction with a thermal reservoir (or an environmental system), described by
the time-evolution operator (quantum operation) K () = ¢’ which is derived by means of the
nonequilibrium statistical mechanical method [5—7], where the quantum operation A is called
the damping operator. Although such a time-evolution operator seems to have its inverse
K(—1) = e™"%, the inverse operation K(—7) is clearly unphysical because of the second law
of thermodynamics. It is an important problem in quantum information processing whether a
given quantum operation is physically reversible or not. For example, in order that the quantum
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error correction is possible, the quantum operation which causes the errors must be reversible.
The necessary and sufficient condition for quantum operations to be completely reversible is
shown in [8—10]. The algebraic and information-theoretic properties of completely reversible
quantum operations have been investigated in detail. The complete reversibility of a quantum
operation £ means that for any quantum quantum state defined on a given Hilbert space,
there exists a physically realizable quantum operation R such that R£p = p. The quantum
operation R is the left inverse of £. In quantum information processing, the quantum operation
R describes the quantum error correcting process. The complete reversibility imposes a tight
condition on quantum operations. In this paper, we introduce a partial reversibility of quantum
operations. The partial reversibility of quantum operations means that for quantum states p
satisfying some condition, there exists a physically realizable quantum operation R such that
RLp = p. In this case, the existence of the quantum operation X depends on the property of
the quantum state p. It is obvious that complete reversible quantum operations are partially
reversible. We will show the necessary and sufficient condition for quantum operations to
be partially reversible, and we will investigate the properties of partially reversible quantum
operations.

In section 2, we briefly summarize the complete reversibility of quantum operations.
The necessary and sufficient condition for the complete reversibility of quantum operations is
explained. In section 3, we introduce the partial reversibility of quantum operations, and we
obtain the necessary and sufficient condition for quantum operations to be partially reversible.
For this purpose, we introduce W-entropy and W-information which correspond to the entropy
exchange and the coherent information in the complete reversibility of quantum operations.
Furthermore, we investigate the basic properties of partially reversible quantum operations.
In section 4, we calculate the W-information for the quantum depolarizing channel of a qubit
and the linear dissipative channel of a single-mode bosonic system. We compare the results
with those obtained for coherent information. In section 5, a summary is given.

2. Completely reversible quantum operations

In this section, we briefly review the necessary and sufficient condition for the complete
reversibility of quantum operations that is closely related to the quantum error correction
[9, 10]. A quantum operation £ is a completely positive map which transforms one quantum
state to another in the most general way. Suppose a quantum state ¢ whose support
space is an N-dimensional Hilbert space Hy. Then the eigenvectors {|¥), [¥2), ..., |¥n)}
of the quantum state p become a complete orthonormal system of the Hilbert space Hy. A
trace-preserving quantum operation £ acting on quantum states of the Hilbert space Hy can
be expressed in two equivalent forms [2]. One is called the operator-sum representation (or
the Kraus representation)

£p=) AupA) (1)
"
with
Z AlA, =1 )
0

where A . 18 an operator defined on the Hilbert space Hy. The other is called the unitary
representation

Lp=Tre[U(p @ |05)(0F) 0T 3)
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where U is the unitary operator which describes the state change caused by the interaction
with an appropriate environmental system, the initial state of which is |0¥) and Try stands for
the partial trace over the Hilbert space H* of the environmental system.

A quantum operation £ is called completely reversible if there exists a physically realizable
operation R such that RL = 7, where 7 is an identity operation acting on operators of the
Hilbert space Hy. The necessary and sufficient condition for a quantum operation £ to be
completely reversible is given by [10]

(WAL AL 1Y) = Myud @
where M = (M,,,) is a Hermitian matrix which does not depend on either j or k. Of course,

any unitary operation satisfies this condition. For unitary operations, M becomes a unit matrix.
Condition (4) is equivalent to the following information-theoretical relation [9]

S(p) = Ic(p. L) )
where S(p) = —Tr[p log p] is the von Neumann entropy of a quantum state p and /¢ (9, L) is
the coherent information of a quantum operation £. The coherent information plays a similar

role in quantum information theory as the Shannon mutual information does in classical
information theory. The coherent information /¢ (p, £) is defined by

Ic(p. £) = S(Lp) — Se(p. L) ©)
with

Se(p, £) = S(L® L) (W]) @)
where |W) is a purification of a quantum state p, the partial trace of which becomes g, and
S,(p, L) is called the entropy exchange of a quantum operation £. Although relation (5) seems
to depend on the spectrum of the quantum state p, it depends only on the quantum operation
£ and the support space Hy of the quantum state p. In fact, if relation (5) is satisfied for
some quantum state having the support space Hy, it holds for all quantum states defined on

the support space Hy .
The coherent information /¢ (9, £) can take negative values and satisfies the inequality

—S(p) < Ic(p, L) < S(p). (8)
Furthermore, the coherent information Ic(p, L) satisfies the quantum data processing
inequality [8, 9]. For trace-preserving quantum operations £ and K, the quantum data
processing inequality is given by

Ic(p, £) = 1c(p, KL). ©)
Note that the coherent information does not necessarily satisfy the inequality Ic(p, K) >
Ic(p, KL). The entropy exchange S, (9, £) satisfies the quantum Fano inequality [8, 9]

Se(h, £) < HIFo(p. D] +[1 — Fe(p, £)]log(N* — 1) (10)
where H(x) = —xlogx — (1 — x)log(l — x) and F,(p, ﬁ) is the entanglement fidelity
defined by

Fo(p, £) = (W|(£L @ Z|W)(W])|¥)

=Y I Te(A,p) an

"

with | W) being a purification of the quantum state 5. The entropy exchange plays a similar role
in the quantum information theory as the conditional entropy does in the classical information
theory. It is obvious from the quantum Fano inequality that the entropy exchange S, (p, £)
vanishes if F,(p, £) = 1. Note that in the classical information theory, the conditional entropy
becomes zero if the average probability of error is zero [11]. The complete reversibility of a
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quantum operation £ is equivalent to the fact that there is a quantum operation R such that
Fo(p, RL) = 1.

3. Partially reversible quantum operations

3.1. Partial reversibility of quantum operations

The number of complete orthonormal systems in an N-dimensional Hilbert space H y is infinite.
Any unitary transformation maps one complete orthonormal system into another. Hence we
denote a complete orthonormal system {|¥), [¥2), ..., |¥n)} of the Hilbert space Hy as W
and a family of all possible complete orthonormal systems as S = {W;, Wy, ...}. Furthermore,
we denote a set of quantum states as Q(W), such that the eigenstates of the quantum states
p € Q(W¥) belong to the complete orthonormal system W. Then, using this notation, we can
say that for a completely reversible quantum operation £ satisfying conditions (4) and (5),
there exists a quantum operation R such that RLp = p for Vp € Q(¥) with V& € S. We
now introduce a partial reversibility of quantum operations as follows.

Definition 1. A quantum operation L is partially reversible if a left inverse quantum operation
R exists for all quantum states p that have their eigenstates in some complete orthonormal
system UV = {|Y)), |¥2), ..., |¥UN)}, thatis, RLHp = p for Vp € QW) with IV € S.

Remarks. The partial reversibility of quantum operations depends on which complete
orthonormal system W is chosen. It is obvious from the definition that completely reversible
quantum operations are partially reversible. The partial reversibility of quantum operation
is closely related to a classical correlation of bipartite quantum states while the complete
reversibility is related to a quantum entanglement (see section 3.4). In this section, we
consider the basic properties of partially reversible quantum operations.

To clarify the definition of the partial reversibility, let £ be a partially reversible quantum
operation and R its reversing operation. Then the equality R27X = JX holds for any
operator X defined on the Hilbert space Hy, where the completely positive map 7 is given by
IX = Z,’:’:l P X Py with the orthogonal projector Py = |y )(y|. Using the operator-sum
representation, £X = u A X AL and RX = D R X RL, we obtain the relation

D3N BewXBl, =) PiXP, (12)
3 n k k

where Eguk = ﬁgz& “ Py. Since both sides represent the same completely positive map, there
are parameters Nf|, which satisfy the relation B, = Y, N£, P; [4]. Using the fact that

the quantum operations £ and R are trace preserving and ﬁk 131 = 8k113k, we find that the
parameter Nf|, satisfies

NE =suNE, DN INE =1 (13)
& n

Then the operator Af A, is calculated to be

= My, (k) Py (14)
k
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with
My, (k) = Z NE NE: (15)

which satisfies Z MW(k) = 1 and M,,(k) > 0. The parameter M,, is equal to that
appearmg in equatlon (30) Thus when a polar decomposition of the operator A u 1s expressed
as Au = V |A | with V being a partial isometric operator, Vi Vu = 1 [4], the amplitude
operator |A | 18 given by

[Aul =Y /M (k) Py (16)
k

This result means that the partially reversible quantum operation £ is expressed as the canonical
form. When the same argumentis applied to completely reversible quantum operations, we can
find the relation |A ul =M WT for completely reversible quantum operations with operator-
sum representation £X = u A, XAl J.» Where M, is the same parameter that appeared in
equation (4).
As a simple example, we consider the phase-erasing quantum operation given by

Lop = (1= 3p) b +3p6:6; (17)
where 6, is the z-component of the Pauli spin matrix and p is a quantum state defined on a two-
dimensional Hilbert space. It is easy to see that the equality ﬁpﬁ = p holds for any quantum
state p that is diagonal with respect to the eigenstates of 6, since the quantum operation L,
yields the relation

a b\ a (1= p)b
Ep( d)_<(1—p)c J > (18)

Thus the quantum operation Ep given by equatlon (17) is partially reversible, where the
reversing operation is an identity, that is, R = Z. The operator-sum representation of £ is

given by ﬁp,b = Z,ﬁ:o AMﬁAL with Ay = 1= zpl and A, = ,/%paz, and thus the

parameters M, (k) become

Mo(0) = Moo(1) =1—1p M1 (0) = My (1) =1p (19)
Mo1(0) = Myo(0) = —Moi (1) = —Mo(1) = /1p (1 — §p) (20)
where Py = |0)(0] and P, = |1)(1] with 6.|0) = |0) and 6,|1) = —|1). In this case, the

partlal isometric operators VM which satisfy the relation A w="Vyu |A | become unitary, that
is, Vo = 1and V,, = 6..

3.2. The V-entropy and \V-information

To investigate the properties of partially reversible quantum operations, we introduce several
information-theoretic quantities. The first is W-fidelity.

Definition 2. For a quantum operation L, W-fidelity Fy(p, L) of a quantum state p € Q(¥)
which has the spectral decomposition p = Z,ivzl Yy (Uil (1) € W) is defined by
the average value of the fidelity between quantum states |yrg) (Y| and L) (Y| with the
probability 1y

N
Fy(p, £) =Y me(Wel (L) (YD 1¥e) @1
k=1
where the probability my is the eigenvalue of the quantum state p.
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Remarks. It is seen from the definitions, (11) and (21), that the equality Fy (9, ﬁ) =1
means L|y) (Y| = |vi) (Y| (k = 1,2, ..., N) while the equality F,(5, £) = 1 indicates
fﬁlw_i)(t/fkl = |y Ykl (j,k =1,2,..., N). Although the entanglement fidelity F.(p, L)
is independent of the choice of the complete orthonormal system W (see equation (11)), the
W-fidelity Fy (5, £) does depend on the choice of the set W. Then we obtain the following
proposition.

Proposition 1. The entanglement fidelity F,(p, L) is not greater than the V-fidelity Fy(p, L)
and the inequality is satisfied

0< F(p, L) < Fo(p, L) < 1. (22)

It is obvious from this proposition that if F,(p, £) = 1, the equality Fy(p,£) = 1 holds
while the equality F,(p, £) = 1 is not necessarily satisfied even if Fy (p, £) = 1. The partial
reversibility of a quantum operation £ is equivalent to the fact that there is a quantum operation
7R such that Fy(p, RL) = 1. Note that the complete reversibility means the existence of R
such that F, (5, RL) = 1. The proof of proposition 1 is given in appendix A. We next introduce
W-entropy of a quantum state.

Definition 3. For a quantum operation L, W-entropy Sy(p,L) of a quantum state
o = Z,’:’:l ) (il () € V) is the average value of the von Neumann entropy
S(L|W) (Wi |) with the probability ., that is,

N
Su(p, £) =y meSLIYi) (W)

k=1

N
= — Y m Tl (Llye) () log (L 1we) (e )], (23)

k=1

Finally, we introduce W-information of a quantum state.

Definition 4. For a quantum operation L, W-information Iy (p, L) is defined by

Ly (p, £) = S(Lp) — Su(p, L) (24)

Remarks. The W-entropy Sy (9, £) plays the same role in the partial reversibility of quantum
operations as the entropy exchange S,(p, £) given by equation (7) does in the complete
reversibility. Moreover, the W-information Iy (0, ﬁ) corresponds to the coherent information
Ic(p, L) given by equation (6). Information-theoretical quantities similar to equation (24) have
been introduced in [12, 13]. For a quantum state p € Q(W) whose spectral decomposition is
P =D, wl) (Y], we introduce a separalA)le state Wp by Wp = e Tl Vi) (Wl @ [ ) (e
Then it is obvious that the partial trace of W, is the quantum state p. Then the average value
Sw(p, £) of the von Neumann entropy can be expressed as

Su(p, L) = S(LRIW,) — 5(p). (25)

The W-entropy Sq,(,é,ﬁ) and the W-information Iq,(,é,ﬁ) have some information-
theoretical properties. The following proposition is important in the consideration of the
partial reversibility of quantum operations.
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Proposition 2.  The W-information ly(p,L) is non-negative and not greater than
min[S(p), S(LP)],

0 < Iy(p, £) < min[S(p), S(Lp)] (26)

and it satisfies the quantum data processing inequality for trace-preserving quantum
operations L and K,

Lo (p, £) = v (p, KL). 27)
Moreover, the V-entropy Sy (P, L) satisfies the quantum Fano inequality
Sw(p, £) < HIFu(p, D)1 +[1 = Fo(p, £)]log(N — 1) (28)

where H(x) = —xlogx — (1 — x) log(1l — x).

Remarks. It is important to note that the inequality Iy (5, K) > Iy (5, K£) is not necessarily
satisfied. If the equality Fy(p,£) = 1 holds, the W-entropy Sy(p, L) vanishes. The
dimensionality N of the Hilbert space Hy appears in the quantum Fano inequality of Sy (p, £)
while N2 appears in that of S, (p, £). The W-entropy is related to the reversibility of a diagonal
matrix and the entropy exchange is related to that of an arbitrary N x N matrix. The proof of
the proposition is given in appendix B. These properties imply that the W-information and the
W-entropy are similar to the Shannon mutual information and the conditional entropy in the
classical information theory [11].

3.3. The necessary and sufficient condition for partial reversibility

As explained in section 2, a quantum operation £ becomes completely reversible if and only
if the coherent information ¢ (5, £) of a quantum operation £ is equal to the von Neumann
entropy S(0) for any quantum state o whose support space is the Hilbert space Hy. In the
same way, we can obtain the following theorem.

Theorem 1. A quantum operation L becomes partially reversible with respect to the complete
orthonormal system W = {|yn), |¥), ..., |Wn)} if and only if the W-information Iy (p, L) is
equal to the von Neumann entropy S(p) for any quantum state p whose eigenstates belong to
the set \V, that is,

L is partially reversible <=  Iy(p, L) = S(p) (29)
with p = Y4, Al ) (Yl € QW)
Although the condition seems to depend on the spectrum of the quantum state p, namely,

Mk =1,2,...,N), it is independent of the spectrum and depends only on the complete
orthonormal system W. We also obtain the equivalent theorem.

Theorem 2. The information-theoretic condition (29) for partial reversibility is equivalent to
the following algebraic condition:

L is partially reversible <= (y;|AT A, |Yn) = My, (j)8jx (30)

where Lp = Zu AMﬁAL and M(j) = [M,,,(j)] is a Hermitian matrix which depends on the
index j of the eigenstate |Yr) of p.

Note that M,,, () is equivalent to that given by equation (15). The proof of theorems 1 and 2
is given in appendix C.

If the Hermitian matrix M(j) appearing in equation (30) is independent of j, the partially
reversible quantum operation £ becomes completely reversible. It is reasonable to consider
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Figure 1. Schematic representation of the composite system and the quantum channel.

that the necessary and sufficient condition for the partial reversibility of quantum operations is
weaker than that for the complete reversibility. In fact, we can obtain the following proposition.

Proposition 3. The coherent information I¢c(p, L) and the V-information Iy (p, L) satisfy
the inequality

Ic(p. L) < Iy (p, L) < S(p) (31
where the equality holds for £ = 1.

It is obvious from this inequality that the equality /¢ (p, ﬁ) = S(p) implies Iy (P, ﬁ) = S(p)
and thus completely reversible quantum operations are always partially reversible. Of course,
a partially reversible quantum operation is not necessarily completely reversible. The proof of
proposition 3 is given in appendix D. When the condition Iy (5, £) = S(p) is satisfied, there
is a quantum operation R such that R£é = & for quantum states & which commutes with the
quantum state 5. On the other hand, if the equality I (p, £) = S(p) holds, there is a quantum
operation R such that RLS = 6 for any quantum state & defined on the support space Hy of
the quantum state 0.

3.4. Correlations in the reversibility of quantum operations

We consider correlations of quantum states under the influence of the reversible quantum
operations. For any quantum state p € Q(W), the spectral decomposition is expressed as
p= Z,ivzl | ) (k| (J¥k) € V). We introduce a composite system in a quantum state W,
the reduced state of which becomes the quantum state 5. There are many quantum states W
which satisfy this property. We consider here two typical composite quantum states. One is
the entangled pure quantum state

N
WO = oy 1w =Y i ® 1) 32)
k=1
and the other is the separable quantum state
N
WO = 3wy (el @ [ (Wl G
k=1

It is easy to see that the reduced quantum states of W© and W become the quantum state 5.
Suppose that one of the subsystems in the quantum state W or W is transmitted through
a quantum channel £. Then the output quantum state of the composite system is given by
Wou = (£ @ T)Win with Wi, = WO, WO (see figure 1).

The coherent information I¢(p, £) is considered the measure of how much quantum
entanglement can be transmitted through the quantum channel £ [9]. At the input side of the
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quantum channel £ ® Z, the entanglement of the composite system in the pure quantum state
W®© = |W)(¥| is measured by the entropy of entanglement E(|W)) [14] which is the von
Neumann entropy of the reduced quantum of W, that is, E(|¥)) = S(p). Thus it is found
from equation (5) that the complete reversibility of the quantum channel £ means that the
quantum channel £ transmits the quantum entanglement of the composite system without any
loss. It is shown that when the distance between two quantum states is measured by means
of the quantum relative entropy, the quantum state W is the closest separable state to the
entangled pure state W [15]. The separable state W that minimizes the quantum relative
entropy S(W© : W) is given by W = WO, where S8, : 6,) = Tr[6,(logé, — logér)].
Since the equality S(W© : W®) = §(p) holds, the distance between W© and W measures
the entanglement of the pure quantum state W,

When the composite system is in the separable state W®, the total correlation between
the input and output states of the quantum channel £ can be measured by the von Neumann
mutual information [12, 13]:

Ir(p, L) = S(p) + S(Lp) — S(L@IWY). (34)

Since the von Neumann entropy of the quantum state (£ ® Z)W® is given by equation (25),
we obtain the equality Z7 (0, ﬁ) = Iy (p, ﬁ) from equation (24). It is important to note that
the separable state contains only the classical correlation between the subsystems. Hence this
result implies that the W-information Iy (P, ﬁ) measures how much classical correlation (or
classical information) represented by the complete orthonormal system W can be transmitted
through the quantum channel £. When we represent the classical information in terms of the
vectors belonging to the set W, S(p) = — ), mx log m, represents the amount of classical
information of the system in the quantum state p = Z,ivzl 7 | Y ) (Wi |. Thus it is found from
equation (29) that the partial reversibility of the quantum channel £ means that the classical
information represented by the complete orthonormal system W is transmitted through the
quantum channel £ without any loss.

When the composite system is in the entangled state W, the total correlation between
the input and output quantum states is given by the von Neumann mutual information [16]

Ir(p. £) = S(p) + S(Lp) — S(E@TW®)
=S(p)+1c(p, L). 35)

The distance D(p, £) between the output quantum states (£ @ Z)W® and (£ @ Z)W® is
given by

D(p, L)

S(LQDHW® : (L@ T)W®)
Ir(p, £) = Ir(p, £)
S +Ic(p, L) — 1y (p, L). (36)

Thus the decrease of the distance between the quantum states caused by the quantum channel
L is equal to the difference between the coherent information and the W-information of the
quantum channel £, that is,
AD(p. L) = D(p, 1) - D(p, L)
=1y(p, L) = Ic(p, L) (37)

Since the quantum relative entropy satisfies the inequality S(L6 : L) < S8 : 62), we
obtain AD(p, £) = 0. This implies the inequality Iy (p, £) = Ic(p, L).
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3.5. The classical correspondence

We consider the classical correspondence of the W-entropy and the W-information. For
this purpose, we assume that classical information is represented by vectors |y;) (N =
1,2,..., N) belonging to the complete orthonormal system W of the Hilbert space Hy.
In this case, the quantum state of the information source with the Shannon entropy
H(X) = —Z,i\’:l Px (k) log Px (k) is described by the density matrix pxy = Z,i\’:l Py (k)| Yri)
(¥r]. The channel matrix Pyx(jlk) that characterizes the classical channel yields the
output probability Py (j) = Z,’:’:l Pyx (jlk) Px(k), where the channel matrix is normalized
as Z;V:l Pyx(jlk) = 1. The output state of the classical-like quantum channel
becomes py = Z,’:’:l Py (k)| V) (¥r|, where the entropy of the output state is H(Y) =
- Z;V:1 Py(j)log Py(j). Then the completely positive map Lyy that transforms the input
state Oy into the output state py is given by
N

N
=Lyxpx =33 AubxAl,  Ap=VPxGIOWH Wl (38)
j=1 k=1

where Z_’;]:l Z,’:’:l A}kAjk = 1. It is easy to see that the entropy exchange S, (px, Lyx) and
the coherent information /¢ (9 x, Lyx) of the quantum channel Ly x become
Se(px, Lyx) = H(Y, X) Ic(px, Lyx) = —H(X|Y) (39)

where H(X|Y) = H(Y, X) — H(Y) is the conditional entropy and the joint entropy H (Y, X)
is given by

N N
H(Y,X) ==Y %" Pyx(j, k) log Pyx(j, k) (40)
j=1 k=1

with Pyx(j, k) = Pyx(jlk)Px(k). On the other hand, the W-entropy Sy (px, ﬁyx) and the
W-information Iy (P, ﬁy x) are calculated to be
Su(px, Lyx) = HY|X) ly(px, Lyx) = H(Y : Y) (41

where H(Y|X) = H(Y) — H(Y : X) is the conditional entropy and H (Y : X) is the Shannon
mutual information

ARt Pyx (jlk)
H(Y :X)= Pyx (jlk)Px (k) log
;k; R [ZZI PYX(jIm)Px(m)]

=HY) - HYI|X)

= H(X)— H(X]|Y)

=HX)+HY)—-H(, X). (42)
Therefore, for the classical-like quantum channel Lyx, the coherent information takes the
negative value and the W-information becomes equal to the Shannon mutual information. The

von Neumann mutual information defined by I7(p, ﬁ) =S+ Ic(p, ﬁ) [16] is also equal
to the Shannon mutual information.

4. The ¥-information of the simple quantum channels

In this section, we calculate the W-information /Iy (P, ﬁ) of the quantum depolarizing channel
of a qubit and the linear dissipative channel of a single-mode bosonic channel. We compare
the results with those obtained for the coherent information /¢ (9, £).
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Information (bits)

P

Figure 2. The W-information (a) and the coherent information (b) of the quantum depolarizing
channel of a qubit. In the figure, the information is measured in bits.

4.1. The quantum depolarizing channel of a qubit

The completely positive map £ that describes the quantum depolarizing channel of a qubit is
given by
[:;6 ={1-pp+ %P(ﬁxﬁﬁx + 6,06y +6.p6;)

=(1—2%p)p+3pl (43)
where 6., 6, and &, are the Pauli matrices. The complete positivity of the quantum channel
L imposes that the parameter p should be in the range 0 < p < 1. We choose the complete
orthonormal system ¥ = {|0), |1)}, where 6,|0) = |0) and 6,|1) = —|1). For the sake of
simplicity, we suppose here that the quantum state p is the statistical mixture of |0) and |1)
with equal probabilities. Since we obtain

£10)(0] = (1 — 2p) |0)(0] + 3 p[1)(1] (44)
LI1)(1] = 2pl0)(0] + (1 — 3p) [1)(1] (45)

the W-entropy Sy (p, £) becomes
Su(p, £) = —(1—3p)log (1 - 3p) = (3p)log (5p) (46)

and the von Neumann entropy S (ﬁﬁ) = log 2 is obtained. Hence the W-information /y (0, ﬁ)
of the quantum depolarizing channel is given by

Iy(p, L) =log2+ (1 —2p)log (1 — 2p) + (3p)log(3p). (47)
On the other hand, the coherent information /¢ (5, £) of the quantum depolarizing channel is
calculated to be

Ic(p, £) =log2+ (1 — p)log(1 — p) + plog p — plog3. (48)
The W-information (47) and the coherent informati(A)n (48) are plotted in figure 2. For tl}e
quantum depolarizing channel, the W-fidelity Fy (9, £) and the entanglement fidelity F,(p, £)
are given respectively by

Fy(p.Ly=1-3%p  F(p,L)=1-p. (49)
Since N = 2, the quantum Fano inequality of the W-entropy attains the equality.
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4.2. The linear dissipative channel of a single-mode bosonic system

The completely positive map £ that describes the linear dissipative channel of a single-mode
bosonic system is given by

L=exp[g(Ki—Ko+1)] (g > 0) (50)
where K and K, form the su(1, 1) Lie algebra
K.X =a'Xa K_X =aXal KoX = L@'aX + Xa'a + X) (51)

with @ and a' being bosonic annihilation and creation operators which satisfy the canonical
commutation relation [d, 4] = 1. We suppose here that the quantum state p is given by

p = 310)(0] + 3la) (el (52)

where |0) is the vacuum state and |«) is the Glauber coherent state. Then the support space
of the quantum state p is the two-dimensional Hilbert space H; spanned by |0) and |«). The
output state of the quantum channel £ becomes

Lp = 110)(0] + Lo e 28 ) (e3¢, (53)
The von Neumann entropies of the input and output quantum states are calculated to be

S(P) = Gx) S(L£p) = G(&) (54
where k = e~ (1/lel’ and g = e=(1/Vlele™* In this equation, the function G (x) is defined by

G(x) =log2 — 1 (1 +x)log(l +x) — 1 (1 —x)log(l — x). (55)
The spectral decomposition of the quantum state p is given by

p =31 +0)1o) (Yl + 51— ) [Y1) (¥l (56)
with

oy = 221y - D (57)

V2 + k) V20 =x)
We can choose the complete orthonormal system W = {|y), |¥)} of the support space H;
of the quantum state . Then, after some calculation, we obtain the W-entropy Sy (5, £)

Su(p, L) = 1A+ 1) SLIYo) (Wol) + 21 — k) SLIY) (Y1 )
=Gk/R)+GK) — G(k). (58)

Hence we obtain the W-information /Iy (5, fﬁ) of the linear dissipative bosonic channel
Iy (p, L) = G(k) — G(x/R). (59

On the other hand, the entropy exchange S, (5, £) and the coherent information I¢(p, £) of
the linear dissipative channel are calculated to be

Se(p, L) = Gk /&) (60)
Ic(p, L) = G(&) — G(x/R). (61)

In figure 3, the W-information (59) and the coherent information (61) are plotted as functions
of 7 = |a|?>. When the dissipation of the quantum channel is sufficiently large (¢ ~ 1), we
obtain Iy (0, £) =0and I¢ (0, L) = —S8(p). If the average photon number 7 is very large,
the equality Iy (9, £) = Ic(p, £) = 0 is established. The entanglement fidelity F,(p, £) and
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Figure 3. The W-information (a) and the coherent information (b) of the linear dissipative channel
with g = 0.5. In the figure, 1 = |a|? and the information is measured in bits.

the W-fidelity Fy (p, £) are given by

Fup. L) =1 [1 Fem(=e +2e_'_‘('_ezg):| 62)

A N eiﬁeig = —1g 2
Fy(p, L) = Fo(p, L) + ————— |1 —e "¢ ) 63
w(p, £) = Fe(p, L) 30— [ e } (63)

which satisfy lims_.q F,(p, £) = lim;_o Fy(p, £) = 1. This is consistent with the fact that
the vacuum state |0) remains unchanged in the linear dissipative channel (50).

S. Summary

In this paper, we have considered the partial reversibility of quantum operations. For this
purpose, we have introduced the information-theoretic quantities, the W-entropy and the
W-information, of quantum operations. For the classical-like quantum channel, the W-entropy
and the W-information become the conditional entropy and the Shannon mutual information.
The necessary and sufficient condition for a quantum operation to be partially reversible is
that the W-information of the quantum operation is equal to the von Neumann entropy of
the input quantum state. It is important to note that the complete reversibility of quantum
operations means that the coherent information is equal to the von Neumann entropy of the
input quantum state. Completely reversible operations are partially reversible. We have
calculated the W-information for the quantum depolarizing channel of a qubit and the linear
dissipative channel of a single-mode bosonic system. We have compared the results with
those obtained for the coherent information. In this paper, we have confined ourselves to
considering quantum operations for quantum states defined on a finite-dimensional Hilbert
space. The coherent information and the entropy exchange that appeared in the complete
reversibility of quantum operations are also restricted to a finite-dimensional Hilbert space
[8, 9]. Continuous variable states such as a Gaussian quantum state are very important in
quantum information processing [ 18—20]. Thus it is very important to generalize the complete
reversibility and partial reversibility of quantum operation for an infinite-dimensional Hilbert
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space. In this generalization, an operator-algebraic approach may play an important role
[17,21, 22]. However, such a generalization is not trivial and needs further consideration.

Appendix A. Proof of proposition 1

For a quantum operation £ with the operator-sum representation £X = > M AM}? AL and

a quantum state p with the spectral decomposition p = Z,ivzl | Ue) (Y| € Q(W), the
entanglement fidelity F, (0, £) and the W-fidelity Fy (0, £) can be expressed as

2

N
Fop, £) = > m(Wel Aulvre) (A.1)
no k=1
N
Fu(p. L) =" mel (el Al ). (A2)
n k=1
Using the Schwarz inequality and the normalization condition Z/iv: | T = 1, we obtain
N N N 5
D Wl Al P = D IVme Wl Al P Y (V)
k=1 k=1 k=1
N 2
> D VI e A )|
k=1
N 2
= D ml (Wl A,y
N 2
> > melYnl Ay lyn) (A.3)
k=1

Taking the summation with respect to i, we obtain inequality (22) from equations (A.1) and
(A.2).

Appendix B. Proof of proposition 2

The W-information Iy (5, £) can be expressed in terms of the quantum relative entropy

N
Lo (p, £) = SULp) = Y meS LI (W)

k=1
N
=Y mSEIW Yl : £5) (B.1)
k=1

where p = Z,]{Vzl | Vi) (Y| and S(p : &) = Tr[p(log p — log )] is the quantum relative
entropy [17]. Since for any trace-preserving quantum operation £, the quantum relative
entropy satisfies the inequality S(p : 6) > S(Lp : £&), we obtain

N
Lo(p, L) < ZﬂkS(Ilﬂk)Wkl 1) = S(p). (B.2)

k=1
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On the other hand, since the W-entropy Sy (5, £) is non-negative, the inequality Iy (p, £) <
S(ﬁ,@) is trivial from definition (24). Hence we have shown inequality (26). In the same way,
using the inequality S(p : é) > S(£p : £6), we can derive the quantum data processing
inequality (27) of the W-information Iy (5, ﬁ)

N
Lo (p, KLY = Y mS(RLIY) (Yl : KLp)
k=1

N
<D TS ER) (Wil = L)

k=1
= Iy(p, L). (B.3)
To prove the quantum Fano inequality of the W-entropy Sy (5, £), we introduce a non-
negative parameter
Fe(D) = (Yl L1ve) () ) (B.4)
in terms of which the W-fidelity is expressed as Fy (0, L) = Z,](Vzl 7 Fr (k). Then we obtain

S (Wi D) = — Trl (L) (Yel) log (L) (¥ )]

N
< =) FD)log Fi(l)
=1

N
= —Fy (k) log Fy (k) — Z Fy () log Fy.(1). (B.5)
=1
(1K)
Here we define a probability distribution G¢(/) = Fi(l)/[1 — Fx(k)] (I # k) which is
normalized as Zf\;l(l#) G (l) = 1. Then we have

N
Sy () < HIF(K)] = [1 = Fe()] Y Gi(1) log G (1)
(%0

< H[F (b)) +[1 — Fe(D)]log(N — 1) (B.6)
where H(x) = —xlogx — (1 — x) log(1 — x). In the second inequality, we have used the fact
that —vazl(]#) Gr(l)log Gr(l) < log(N — 1). When we average inequality (B.6) with the
probability 7; and use the equality Fy(p, £) = Z,ivzl 7 Fy(k), we can obtain the quantum
Fano inequality (28).

Appendix C. Proof of theorems 1 and 2

We first prove that equality (29) is necessary for a quantum operation £ to be partially
reversible. We assume that there is a completely positive map R such that Fy (5, RL) = 1
for a quantum state p whose eigenstates belong to the complete orthonormal system W. Then
the quantum Fano inequality (28) implies Sy (0, ﬁﬁ) = 0. Using equations (26) and (27), we
obtain

S(P)

) (C.1)
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where we have used the fact that RLp = p for p = >k Tl Vi) (Wil (1Y) € W). Hence the
partial reversibility of the quantum operation £ yields equality (29).

Next we prove that equality (29) is sufficient for the partial reversibility of a quantum
operatlon L. To do this, we explicitly construct a quantum operation R such that
Fy(p,RL) = 1 when equality (29) holds. We introduce an auxiliary Hilbert space H’
which has a complete orthonormal system {|¢,)} and define a quantum state |W;) of the
Hilbert space Hy ® H’

W)= Auy;) ®I¢) (C2)
"

where |;) € W is the eigenstate of the quantum state p and LX = > M AM}? AL. Since

2 ALAM = 1 is satisfied, the quantum state |¥;) is normalized. We denote as p; and
f)} the reduced quantum states defined on the Hilbert spaces Hy and H’'. Then the equality
S(pj) = S(,é/j) holds due to the Araki-Lieb inequality and to the fact that |W)(W¥| when

A/

reduced to the Hilbert space ' amounts to £p. The reduced quantum state p | can be
expressed as

ZZ b el Wi, = (1AL Ay (C3)

which implies that the eigenvalues of the reduced quantum state ,6; are equal to those of the

matrix W/ = (W,i,,) Hence we obtain
S(pj) = S(p}) = —Tr[W/ log W/]. (C.4)

Using p; = ﬁ|1/q)(1/q |, we can express the W-entropy Sy (5, £) as

N N
Su(p, £) = 7;S(p;) ==Y 7 Tr[W log W], (C.5)

j=1 j=1
To obtain the matrix form of the von Neumann entropy of the quantum state £p, we

introduce an auxiliary Hilbert space H’ which has a complete orthonormal system {|¢x,, )}, and
we define a normalized state vector | W) of the Hilbert space Hy ® H’

N
W) =" " A ulvi) ® i) (C.6)

n k=1

Then the reduced quantum state p’ of the Hilbert space H’ is given by

—ZZZZ Kb bl Wik = Jmm (Wl AT Auly;). (C.7)

v j=1 k=1

Since the eigenvalues of the reduced quantum state p’ are equal to those of the matrix and
the equality S(ﬁﬁ) = S(p’) holds due to the Araki-Lieb inequality, we can find that the von
Neumann entropy of the quantum state £/ is expressed as

S(Lp) = — Tr[Wlog W] (C.8)
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where W = (W,i,’i) Using the relation W,ﬁ{, =7 W,‘i,,, we obtain

S(Lp) = — Tr[Wlog W]

N
< =) Tr[W/ logW//]

J=1

N
= — ZTr[(anj) log(r; W/)]

j=1
N N
=— Z”-i logm; — anTr[Wj log W/]
j=I1 j=1
= S(p) + Sw(p, L) (C.9)

where W// is the matrix with the element W;,. When the condition Iy (p, £) = S(p) is
satisfied, the equality must be attained on the second line of this equation. This implies that
the matrix W = (W,{IE) must be diagonal with respect to the upper indices. Thus we have
found that the condition Iy (0, ﬁ) = S(p) is equivalent to

Wil AJAly) =0 (G #h). (C.10)
We assume that the quantum operation £ satisfies the condition Iy (p, £) = S(p) or
equivalently (wklAiA,Lle) =0 (j # k). Then for j # k, we obtain

Tl L1Y) (0 D Ll (DT = D > " Tr [(Au) (i |AT) (A v (91 A]) ]

v

I
= > WAL Al
w

=0 (C.11)

which means that the operator ﬁliﬁ ;){¥ ;| is orthogonal to ﬁliﬂk) (Y| (j # k) with respect to
the Hilbert—Schmidt product. The spectral decomposition of the operator £ | i) (¥l is given
by

LIyj) (| = Z)»jslcbjg)((ﬁjsl Z)»_fg =1, 2e=20]. (C12)
& §

Because of the orthogonality of the operator ﬁ|1// i) (¥jl, the eigenstate |¢;¢) satisfies the
relation

(Djelds) = 8jkde; D Igie) el =1; (C.13)
§

where T.i is the identity operator defined on the support space 7:(_,« of the operator ﬁlw_i)(w_i |
Using the orthonormal vectors [/;) and |¢;¢), we introduce

Be =) 1)l (C.14)
J

which satisfies the relation ZE E; E; = 1, where 1 is the identity defined on the support space
of the quantum state £p. Then the quantum operation R defined below is a trace-preserving
completely positive map

RX =) B XB. (C.15)
&
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It is found from equation (C.12) that the quantum operation R satisfies

RELW MU =D Be(LIv) (w;1) Bl
&

=D el Y hjeldjed i D e (Wl
& k ¢ l

= ey (]
H

= [ (¥l (C.16)

This result is equivalent to the equality Fy (0, 7A2£A) = 1. Therefore, it has been found
that the equality Iy (p, £) = S(p) implies the partial reversibility of the quantum operation
L. Furthermore, it is found from equation (C.10) that condition (30) is also necessary and
sufficient for a quantum operation £ to be partially reversible.

Appendix D. Proof of proposition 3

The entropy exchange S,(p,£) of a quantum operation £ which has the operator-sum
representation £X = > uAunX AL can be expressed as

S.(p, L) = — Tr[Wlog W] (D.1)

where W is the matrix whose element is given by W,,, = Tr [A‘T}A " ,6] [8]. The matrix W is
the average of the matrix W/ with the probability 7;

Y owiWh, =Y s ALA, ;)
j i

J
T [Al A7)
W, (D.2)

Using the concavity of the entropic function, we obtain

Su(p, L) =" 7;S(h))
J

= > 7 (W log W]
J
< —Tr[Wlog W]

= 5,(p. ). (D-3)

Thus the W-entropy Sy (0, £) is not greater than the entropy exchange S, (0, £). This result
implies inequality (31).
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